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Abstract 

In this paper we consider the nonlinear equation involving differ- 
ential forms on a compact Riemannian manifold <W£ = /'((£, £))£• 
This equation is a generalization of the semilinear Maxwell equations 
recently introduced in a paper by Benci and Fortunate We obtain a 
multiplicity result both in the positive mass case (i.e. f'(t) > e > 
uniformly) and in the zero mass case (/'(£) > and /'(0) = 0) where 
a strong convexity hypothesis on the nonlinearity is assumed. 

Keywords Semilinear Maxwell equations; Strongly indefinite functional; Strong 
convexity 

Introduction 

Let (M,g) be a compact Riemannian n— manifold, where n > 3, and A k (M) 
be the set of regular A;-forms on M. We consider the following equation 

a) 

£ G A h (M), l<k<n-l, 

where / : R — > R is a C 2 map, is the exterior differential, 5 is its adjoint 
with respect to the inner product 

(77,£)2= / (t),£)u= [ *(r?A*e)o; (2) 



* is the Hodge operator and u is a volume n-form. 

In this paper we are looking for weak solutions of §T§, namely for solutions 
of 

G Hl(M), (see section W~2\ for the definition) 

(3) 

J M (dt,d V )u;= j M f «£,£))<£, 77)0;, Vt? g Hl(M). 

If we set 

m--= [ mm)**, (4) 

then, assuming a suitable condition on the growth of /', by standard argu- 
ments we have that F G C l (H\(M)), so in order to solve © we find critical 
points of the functional 

J{0 = I (df, df> a; - F(0 (5) 

defined for all f G H\(M). 

The strongly indefinite nature of the functional J, largely discussed in 
[I], doesn't allow us to approach this problem in a standard way. In other 
words, the functional J doesn't present the geometry of the mountain pass 
in any space with finite codimension. 
Assume that 

fr) /(o) = 0, and 3e > s.t. Vi > : /'(t) > e, 

f'2) / is strictly convex, 

and for p g]2, ^[ 

/ 3 ) 3a > 0, b > s.t. |/' (t)| < ati- 1 + b, Vt > 0, 
/ 4 ) 3i? > s.t. < £ /(t) < /' (t)t for t > i?. 
We have the following result 

Theorem 1. If fx)-. . .-f±) hold, then the problem has infinitely many 
solutions. 

Moreover the same conclusion holds if fi) and f%) are substituted respec- 
tively by 

h) /(0) = f(0) = 0, and Vt > : f\t) > 0, 
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f 2 ) 3c > s.t. V£, 7] G A k {M) 

f((t, 0) - f((v, v)) - 2f'((v, v)Xv, t-v) v)* 



pointwise in M. 

Remark 2. As in [3], in the sequel we shall refer to the hypotheses fi and f\ 
respectively as the "positive mass" and "zero mass" case. 

Moreover we want to point out the fact that f 2 is just a pointwise con- 
vexity condition. In fact for every q G M we can define the scalar product 
(•,') q on the vector space A h (M) and the functional 



Since I'Jrj) = 2f'({rj,r])){rj, •), f 2 implies that for all £,r/ G A fc (M) s.t. 77 7^ £ 



and then 1^ is strictly convex. In the Appendix we shall show that f 2 is 
satisfied when f(t) = . 

In order to prove Theorem [TJ as in [I] we shall use Hodge decomposition 
to split £ in this way 



m) = f (it,*)*)- 



i q {Z)-iM-Wv)>t-v)>o 




(6) 




If we set 
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and 



a 1 — > Jp{ot) = J(a,/3) 



(9) 



then we can define the partial derivative of J as follows 



dJ_ 

da 

dj_ 

dp 



(a,/3): 



(a, (3): 



dJp(a) 



dJ a (P). 



(10) 



(11) 
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We are interested in finding critical points of ((7|), i.e. the couples (a, (3) such 
that 



dJ_ 

da 



{a, 13) 







(12) 



and 



dJ_ 

dp 



{a, /3) 



0. 



(13) 



Set 



Fp :=an 



F(da + (3) 



(14) 



and note that by the convex nature of (|14|) . the problem ffT2"j) is actually a 
minimizing problem. 

In section HJ where we assume f\) . . . f^), we introduce some preliminary 
results and the definition of the spaces V and W which respectively a and 
(3 belong to. These spaces are constructed in such a way we have, for any 
(3 G W, a unique solution $(/3) G V for the minimizing problem 0121) . 
Then in Theorem we'll show that in order to solve the system (jT2"j) and 
(|T3l) we are reduced to study the critical points of the functional 



Differently from J, J doesn't exhibit strong indefinitness, so the proof of 
the existence of infinitely many critical points is carried out by using a well 
known multiplicity result for even functionals. 

In section [5] we replace fi and by f\ and fi- Differently from the previ- 
ous situation, we can't give any proof about the regularity of the functional 
( JTBT) . To overcome this difficulty we work in an indirect way. In fact we 
perturb the problem (00) by adding a linear "mass term" m£, m > 0, to the 
nonlinearity on the right hand side. For this perturbed problem we have 
infinitely many solutions since it satisfies the hypothesis f\. 
Then we study the behaviour of the solutions of the perturbed problem when 
the perturbation goes to zero. 



j(0) = jm(3),(3), 



(3eW. 



(15) 



4 



1 Positive mass case 

1.1 The functional framework 

For any q > 1 and k G N, let H l k ' q {M), H\(M) and L|(M) be denned as 
follows 

Hl'\M) := A*(M) IHl1 " , 
Hl(M) := A*(M) IHI , 
Lg(M) := A k (M) l ' lq 
where, for every £ G A fc (M), 

Jm Jm Jm 

lief := / / / (£,0*> (16) 

Jm ./m Jm 

leis : = / (e,e> 9/2 ^- 

JM 

Since 

277 

Hl(M)^Ll(M) forl<q<—, (17) 
by / 3 we have that J(a, (3) < +oo for a G H^M) and /3 G Hl(M). 

Observe that : H^M) -> R defined by flU]) is not coercive, since it 
is constant on the space 

C := { V E Hl^(M) \ d V = 0} . (18) 

However we have the following result 

Lemma 3. For all (3 G L v k [M), Fp is coercive on 

V := | a G Hi^{M) | V77 G C : J {a, r]) to = Oj . (19) 

Proof. First observe that, by 

3c> 0, d > s.t. ctS < /(t) + d, Vt > 0. (20) 

Let /3 G L p k (M). By Lemma 6 in [2], we know that the norm on H\(M) 
defined by 

uwi ■■= [ m, do + (5c, so + e°» w (21) 
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where £° is the orthogonal projection of £ on ker(— A), is equivalent to the 
norm defined by ffTBT) . 

In particular, in the space V the norm ( |2T|) becomes 



Indeed, if a G V, then 



lieu: = / (dt,dt)u. 



{5a,5a)u= / (d8a, a) u> — (22) 
because d£a G C. 

Moreover, since a G ker(— A), then a G C But a G V and then 

(a°,a°)uj = 0. (23) 

M 

By f l2"2"j) and f[2"B"]) we can conclude that |cZck| 2 is a norm on the space V 
equivalent to ||a||, i.e. 

3c> s.t.Va EV : \\a\\ <c\da\ 2 . (24) 

By (EU) and since H^M) ^ L p k _ x (M), 



'fj, = |da|* + < |da|£ + ci||a|| p < |da|* + c 2 \da\ 
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and then 

||«||i,p < c 3 (|(ia|p + |<icK| 2 ) < c 4 |<ia|p (25) 
since Ll(M)^Ll(M). 

Now, consider (a n ) n >i in V s.t. ||cK n ||i iP — > +oo. By (J25]) 



(da n + da n + /3) 2 u — > +oo, (26) 

M 

so by fl2"U]) we have 

c/ (da n + (3,da n + (J)* u < rfmeas(M)+ / /((da n + /?, da n + /3)) (27) 

The coerciveness of J 7 ^ is a consequence of ( 1261) and ( 1271) . □ 

Theorem 4. For every f3 G L|(M) i/iere exists a unique minimizer of Fmy. 

Proof. Let (3 G L p k (M). By / 2 and / 3 the functional F : L p k (M) — > R defined 
by dlj) is strictly convex and continuous. Obviously, also Fp has the same 
properties, so it is weakly lower semicontinuos. Since Fp is also coercive in 
V by Lemma certainly it possesses a minimizer $(/?) G V. The uniqueness 
is a consequence of the strict convexity. □ 
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(28) 



1.2 Regularity, symmetry and compactness 

Assume the following definitions: 

$ : L p k (M) —> V s.t. $(/?) is the minimizer of Fp\ v 

J:W^M si. VPeW:J(P) = J($(j3),l3) 

where 

W:= {/3 G H\(M) \ 5(3 = 0}. 

Theorem 5. If&E C 1 (W,V) ; then J G C 1 (W) and its critical points are 
solutions of (Q2L flSD- 



Proof. Suppose $ G C 1 (W, V), then certainly J G C 1 (W) since it is the 
composition of C 1 maps. 

Now let (3q G W be a critical point of J. We have that for any /? G W 

- 8 T BT 

= (J'([3 ),(3) = <^(*(ft),ft),#(/W)> + <^Wb), #>),/*>, (29) 

that is 

— ($(/5 ),/3 ) = - — ($(/?o),/3o)o$'(/? ). (30) 

But 

<9 7 

— ($(/3 ),/?o) = (31) 
because $(/?o) is a minimizer of i^iv> so also 

<9 7 

— (<&(&),/%) =0. (32) 

□ 

In order to study the functional J, we need to investigate the properties of 
the map $. Then, in the next theorem we are going to prove some regularity, 
symmetry and compactness properties of the map $. To get regularity, in 
particular, we will use the implicit function theorem on 

<9 7 

^- : V x W -► V. (33) 
da 

where V' is the dual of V. 

Observe that J G C 2 (V x W). Moreover we have the following 
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Lemma 6. Set 

F := (a, (3) GV xW i-> F(da + (3). (34) 

Then for all f3 G L p k (M), F(-,(3) G C 2 (V) is uniformly convex on V with 
respect to the norm \\ ■ \\, i.e. there exists C > such that for all a, a G V 

^(a,(3)[a,a] := d 2 F(-, (3)(a)[a,a] > C\\a\\ 2 . (35) 
Proof. Let G ££(M) and a G V. If a G V, then 

■— -(a,/?)[a,5l = 4 / /"((da + [3, da + /3))((da + (3, da)) 2 uj 
da 2 



M 



+ 2 / f'((da + (3, da + (3)) {da, da) uo 



M 

> £ (da, da) uj, 
Jm 

where the last inequality follows from the convexity of / and assumption 
fx- ' □ 

Now we are ready to prove 

Theorem 7. The following properties hold 

1. $ G C X (W); 

2. $ is odd; 

3. $ is compact. 

Proof. 1. Since $(/3) is a minimizer of Fp 

V[3eW:^m(3),(3) = 0, (36) 

so, by Lemma [6] and the implicit function theorem, we have that $ G 
C^W, V) and for any (3 G W: 
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2. If (3 e W, then some calculations show that 

^(-*^-/*) = fw),/*) = o, 

so, by uniqueness, = <&(—/?). 

3. By the same arguments as above, we can prove that $ is also in 
C 1 (L^(M), V) so, if (P n )n is a sequence in W and 

with respect to the norm || ■ ||, then 

/? n -/3 in L p k (M) 

and so 

$(/3 n ) - in V. 

□ 

1.3 Main Theorem (first part) 

We introduce some results on the Laplace Beltrami operator —A. 

It is well known that —A is a self adjoint operator on L\(M) with a 
nonnegative, discrete and divergent spectrum cr(A). 

Set 

Ai < A 2 < . . . (37) 

the sequence of the eigenvalues different from zero repeated according to their 
finite multiplicity. The corresponding eigenvectors 

771,772,... (38) 

constitute an orthonormal basis of (ker(— A))- 1 . Take a basis hi, h 2 , . . . , fojv 
of ker(-A) so that, if /? e L\(M), we have 

00 
i>i 

where (0i)i>i are the Fourier components of /3 corresponding to 771, 772 • ■ •, and 
P° is its projection on ker(A). 

For every s G R define the Sobolev space 

^' 2 (M) := {/3e^(M)|||/3|| S) 2<oo}, 

where 
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i>l 

It is easy to prove that (W^' 2 (M), || • || gj2 ) is a Banach space and W k ' (M) = 
Hl(M). Since p < by Sobolev embedding theorem, there exist s < 1 
and c > such that 

K<c\mi2, ypewf(M). (40) 

Now we recall the following abstract multiplicity theorem whose proof 
can be found in [3] (see also [1]). 

Theorem 8. Let H be an Hilbert space and I be a C 1 even functional on H 
such that 

1. I(0)=0, 

2. I satisfies (P-S) condition i.e. any sequence (x n ) n such that 

I(x n ) is bounded 

I'M -> o, 

admits a convergent subsequence, 

3. there exist H~ , H + two closed subspaces of H such that 

(a) codim(i/ + ) < dim(H~) < +oo 

(b) 3co,p > s.t. I(x) > c , Vx G dS p (0) n H+ , (where dS p (0) := 
{x e H \ \\x\\ = p}) 

(c) 3ci > s.t Vx G H : I(x) < c 1 

then I possesses at least dim(if~) — codim(i/ + ) couples of critical points 
whose corresponding critical values are in [cq,ci]. 

In the next lemmas we shall verify the hypotheses of the previous theorem 
for the functional J on the Hilbert space W. 

Lemma 9. J is a C 1 even functional satisfying the (P.S.) condition 

Proof. The regularity and symmetry properties of J are an immediate con- 
sequence of the structure of J, and Theorem [71 
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As to (P.S.) condition, let (/?„)„ be a sequence in W such that 

J(Pn) = \dP n \l- [ f(b n ) LO < M, M > (41) 



M 



and 



J '(AO — > (42) 



where we have set 6 n = (j3 n + d$(/3 n ),/3 n + d§(/3 n )) to simplify the notations. 
We want to show that {f3 n } is precompact. By using f 3 and 3 of Theorem 
[7] it can be easily seen that J' is the sum of an homeomorphism and a 
compact map, so, by standard arguments, we are reduced to prove that 
((3 n ) n is bounded. 
If we set 

= \( J,{M >m\i< (43) 

from (l4"2l) we deduce that 

e n — > 0. 

Rendering (1131) explicit, we obtain 

W" / n6«)</?n + dWn),^n + d(^(/9n)W))w = en||/3n||. (44) 
J M 

By f lHol) we have 

f(b n )(/3 n + dm3 n ),d($'(f3 n )(0 n )))u; = (45) 
/ f(b n )(p n + d<S>(p n ),d<S>(P n ))u = 0, (46) 

JM 

so, comparing (1441) . (I45p and (j46p we have 

W n \l- [ f(b n )((3 n + d<5>(f3 n ),(3 n + d<5>((3 n ))Lj = e n \\(3 n \\. (47) 
Jm 



M 



Comparing (jUJ) and ( HTl) we get 
p-2 



and 



/ (f(b n )b n -f(b n ))u<K 3 + K4P n \\ 
Jm v 7 



(48 



(49) 
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where Ki, . . . , K4 and the following {(-fQ) | i > 5} are positive constants. 
By / 4 , there exists L > such that 

-L </'(*)*- |/(*), Vt>0, (50) 

so, by flUD, 

f'(t)t-f(t)>-L + ^f(t)>-K 5 + K 6 ti, Vt>0. (51) 

From (151 p and (I49p we have 

\P n + d$(l3 n )\ p <K 7 + K s \\p n \\f, (52) 
so, since L\{M) L\(M), 

\Pn\l < \Pn\l + \d®(Pn)\l = \Pn + d$(P n )\l 

< Ks\p n + d^ n )\l<K 10 + K xx \\[3 n \\l. (53) 
From (148j) and (|50l we also derive 

|^nl2<^12 + ^13||/3„||. (54) 

Inequalities (153!) and (154")) imply that the sequence (||Aj||)n is bounded. □ 

Now, for any /i > and p > 0, we set 

<9S p := I ||)0|| = p}, (55) 

fl+fcx) := 0M A „ (56) 

Aj>yU 

:= (tf+Ou^eM^, (57) 

where (M A .)j>! are the spaces of the eigenfunctions corresponding to the 
eigenvalues (A»)i>i and k := min {i e N | Aj > fj,} . Observe that, since every 
eigenspace has finite dimension, from (15*61) and (|57l) we deduce 

dim H~(n) = codim H + (p) + dim M Xk < +00. (58) 

Moreover we have that 

Lemma 10. There exist a strictly increasing sequence (Cj)j>i and two posi- 
tive numbers sequences (pi)i>i and (//j)j>i such that for all i> 1 we have 

3b) J(J3) > C 2l , V/3 e dS Pi n H+(ja), 
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3c) sup^ 6if - (w) J(p) < C 2i+ x. 

Proof. We will prove that for every C > there exist p > and p > such 
that 

J(/3) > C, V/3 G 9^ n (59) 
sup J(/3) < +oo. (60) 

Set C > 0. 

By / 3 and (f2"Sl) . we have that there exists 6' > such that 

/((/3 + d$(/5),/? + d$(/3)))u; < / fmP))" 

M J M 

< a\P\* + b\P\\ 



< 



a\P\* + V\P\r (61) 



2 

Set u = oi-» , and K = min-r^f- > where p is a suitable real number that 

we are going to evaluate and s G (0, 1) is defined as in ( HUj) . 
Let /3 G n S p . Using (j3"9"|), (1101) and (fT7l>. we have 

> Kp l -'\\p\\l fl >K<rV-'\P\l (62) 
and then by (1511) and (152]) . 

J(/3) = |rfyS|i — / /(<0 + d$(/?),/? + d$O3)))u> 
> \dp\l-a\P\l-b'\P\ 2 p 



2 C 



i' 



Since 



lim K —I 

p^+oo 



from the previous chain of inequalities we get (159]) for p large enough. 
Now take (3 G H~(p). Observe that 

W\l < \ k \f3\l (63) 
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Moreover, since (3 and d<&(0) are orthogonal in the space L^(M), there exists 
K x > s.t. 



lZ ) 2 



> KM. (64) 

By (1201) . (163|) and (|64|) . since in H~(fj,) all the norms are equivalent, there 
exists JT 2 , K 3 > such that 

J(J3) = \dp\l- [ f(((3 + dm3),(3 + d®((3)))u 



J M 

< \ k \(3\l-c\f3 + d§((3)\l + dm.etis(M) 

< \ k \P\ 2 2 -K 2 \P\l + K, 

< sup(A fc t 2 - K 2 t p + K 3 ). 
t>o 

□ 

So we are ready to give the following 



Proof (of the first part of Theorem^). By Lemma [HI Lemma [TU] and 
using Theorem [8], we find infinitely many couples of critical points. In fact, 
for all i > 1 there exist at least dim Ma,., critical points for J, whose critical 
values are in the interval [C^CWi]- Since the sequence (Cj)j>i is strictly 
increasing, we obtain a countable set of critical points. □ 

2 Zero mass case 

In this section we consider again the problem (0Q), replacing condition f\ by 
fx- 

Moreover we replace f 2 by the technical hypothesis f 2 that, as already seen, 
implies for all q G M the strict convexity of the functional 

Observe that, integrating in f 2 , by density we also deduce that 

F and Fp are strictly convex on V k {M). (65) 

Now, in order to prove the second part of Theorem [TJ we consider the 
perturbed equation 

we = (66) 
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where 

f e (t) = f(t) + et, e>0. 

We set 

F £ : = ZeLl(M)^ [ fM,t))" (67) 
and for all (3 G L p k (M) 

(F e ) p : = aeV^F £ (da + P). (68) 

The function f £ satisfies fx, fa and f^, and, by (1651) . F £ and (F e )p are uni- 
formly convex respectively on L p k (M) and V. From the first part, we con- 
clude that the equation fl66|) possesses infinitely many e— solutions of the type 
4 = /3 e + d§ £ ((3 £ ) where 

$ £ : LftM) -> V si. $ e (/3) is the minimizer of (F £ )^ (69) 

and /3 e is a critical point of the functional 

J e (J3) = [ (d/3,dp)u- f f e ((d$ e (J3f) + P,d*e(P)+P))u 
Jm Jm 

= [ {d(3,d{3)u- [ f((d$ e (p)+p,d® £ (P)+P))uj 
Jm Jm 

-e [ (d<f> e (P)+P,d$ £ (P)+P)u;. (70) 
Jm 

Now we construct infinitely many sequences (P n )n °f £ n~ solutions of ( 1661 ). 
in such a way, passing to the limit, we get solutions for the non-perturbed 
problem (JT]). 

Of course, assuming that two different sequences converge, we have no chance 
to prove that the corresponding limits are different without any a-priori es- 
timate on the critical values. 

So we need a separation property on the sequences and, with reference to 
this, we introduce the following 

Definition 1. Let (e n ) n >i be a sequence of real numbers and set (Pn) n >i 
and (Pn)n>i t wo sequences of k- forms. We say that (/3^) n >i an d {Pn)n>i are 
well-separated if there exist k\, k 2 , k 3 , fc 4 G R such that 

h<J £ M)<h<h<J £ M)<h, Vn>l. 
Actually we have this result 
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Theorem 11. Let e n \ + . Then there exists a countable set of sequences 
((/3 z n ) n >i) i>1 of e n — solutions that are each other well-separated. 

Proof. Observe that, using Theorem [8] and its notations, we get the conclu- 
sion if we prove that there exist two sequences (/ij)i>o and (pi)i>o, and a 
strictly increasing sequence (Cj)j>o such that 36 and 3c of Lemma [TU] hold 
s n — uniformly, i.e. 

C 2l < J £n (f3), V/3 e dS Pi n H+ifi,), Ve n (71) 
XM < Cu+i, VP e H-(ni), Ve n . (72) 



We shall prove that for every C > there exist p > and /i > such that 

inf J E M > C, (73) 

PEdSpCiH+ifM) 
n>l 

sup J e M < (74) 

pea-fa) 
n>\ 

By f 3 and (]69l . using the embedding L p k (M) L|(M), and since e n is 
decreasing we have 

£n |/3 + *M/3)|! + I f{{P + d$ En ([3),P + d$e n (/?))) a; 

< + / f((P,P))u (75) 

< £l |/3|I + a|^ + 6'|/3|^ 

< a|/?|£ + 6"|/^, 

where 6" is a suitable positive constant. 

Set fi = and take (3 E H + (p) n £p. By ([75]) and using (1521. 

= \dp\ 2 2 -e n \P + d$ £n (P)\l- 

f((P + d<S> £n (P),P + d$eM))" 

M 

> \ d p\l-a\P\l-b"\P\l 

V 

-.2 „ I C \ in 



> P-^k) - h "K> C ( 76 ) 



uniformly for n > 1, for p large enough. 
Moreover, if p G #~(p), then by ([20]) 



+ d$ e M,P + d**M)) ^>c\P + d$ £n (P)\ P P ~ rfmeas(M). (77) 

M 
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So, if we set X k = min{Aj | Xj > //}, then, for suitable ci, c 2 > 0, by (177)) we 
have 



J £ „(/3) = |^|^-£ n |/3 + d$ e „(/3)|^- 

M 

< \ k \l3\l-c\P + d$ £n (f3)\ P P + dme aS (M)< 

< h\P\l-c 1 (\{3\l + \d$eM\l) E2 +C2< 

< X k \P\l- Cl \P\ p 2 + c 2 < 

< sup(Afct 2 — c\t v + c 2 ) < +00 

t>0 

uniformly for n > 1. □ 
2.1 Some preliminary results 

Lemma 12. Let (£ n )n>i o sequence of forms in L p k (M) and £ G Z^(M). 
J/ / satisfies / 2 ,/ 3 and 

a - £mL£(M) (78) 



- / /«e,o)^ (79) 

en^(»«. (80) 

Proof. First suppose £ n and £ in A&(M). By / 2 we have 

/«&, U) - /(& 0) - 2 /' (^ ox&, ^ - > % - & & - o f . 

so, integrating, we obtain, 

/ (/«&, e«» - /«£, e») w - 2^(^ - > 

J A/ 

> C / (£n-£,£n-£) f W (81) 
</Af 

where represents the map 

Observe that is linear and continuous by / 3 so we get (1501) from (1781) . (170)) 
and (EI]). 

If and £ are in L^(M), then we get the same conclusion by density. □ 
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Lemma 13. V/3 G W, Ve > : 

< / /((/9 + d$ e (/9),/3 + d$ e (/5)))a;- 

-/ f((f3 + d$((3),0 + d®((3)))u< (82) 

Proof. Consider (3 G W and £ > 0, and set b = (/5 + /3 + and 

fr e = (/3 + d® s (/3),(3 + d<& e (/?)). By definition of $ and $ e , we have that 

F(/3 + d$(/3)) < F((3 + d^ £ ((3)) (83) 
F e (/3 + d$ £ (/3)) < F £ (/3 + d$(/3)) (84) 

that is 



f(b)u< / /(Mw (85) 

M J M 



and 



/(y W + # + # £ (/3)|^< / f(b)u + e\(3 + d$(P)\l 

Jm 



(86) 



Combining ( l85l) and ( !86l) together, we get ( 1521) . □ 

2.2 Main Theorem (second part) 

The following lemma holds 

Lemma 14. Let e n \ + and (/3 n )n>i a sequence in W siic/i that 

a) 3k 2 > h > s.t fci < J £n (/9„) < & 2 , Vn > 1, 

b) J' £n ((3 n ) = 0,\/n>l. 

Then there exists j3 G W and a subsequence relabelled (0 n ) n >i such that 
i) d% n {Pn) — > inL£(M) 
ii; /3 n — > /3 m Hl(M) 
iii) ki < J{(3) < k 2 . 

Proof. To simplify the notations, set 6 n = (/?„ + d$ £n (/3 n ), (3 n + d$ Bn (P n )). 
By a) we have 

ki<\d(3 n \l-£ n \p n + d$ £n (p n )\l- [ f(b n )u<k 2 (87) 

</ A/ 
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and, on the other hand, by b) and using 

\d(3 n \l-e n \f3 n + d$ £n (f3 n )\l- [ f(b n )b n u = 0. (88) 

J M 

Using arguments similar to those in the proof of Theorem [91 we have that 
(Pn)n>i an d ($ e „(A»))n>i are bounded respectively in W and V, so there 
exist P e W and 77 e V such that (up to a subsequence) 

/? n -/3 in Hl(M) (89) 

^17 in H 1 ^ (90) 

and by compactness 

P n ^P in L£(M). (91) 



Now applying (j82j) to /9 n for every n > 1, we obtain 

< / f(b n )u- I f{{P n + d^{p n ) 1 p n + d^{P n ))u< (92) 

J M JM 

< e n (\p n + d$(p n )\l-\p n + d$ £n {p n )\l). (93) 
We claim that 

e n (\p n + d$(p n )\l - \p n + d<S> £n (Pn)\l) n =i°° 0. (94) 



In fact, suppose by contradiction that (1941) is not true. Since ( 1871) and (188]) 
imply that 

+ d$ En (/3„)|2 is bounded (see proof of Theorem EJ), (95) 
by the contradiction hypothesis we have that, up to a subsequence, 

\P n + d$(p n )\ 2 -> +00 

and then 

|/3 n + d$(/3 n )| P ^+oo. (96) 

By (EUJ) and (ES} 



/«& + d${P n ), p n + d${P n ))) u - +00. (97) 



A* 



Comparing ( |92l) and ( 1971) we deduce that 

/ f(b n )co-> +00. 
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(98) 



On the other hand, from flH7|) and flHHj) we have that 

\d<& £n ((3 n ) + (5 n \ p is bounded (see proof of Theorem [H]) , (99) 
so, considering f 3 , we get 

/ f(b n ) tu is bounded 
Jm 

that contradicts ( !98j) . 

Now observe that (E2[), and (E3J imply that 

/ f(b n )w- f f(((3 n + d<S>(f3 n ),(3 n + d<S>([3 n )))uj-^0. (100) 

</Af </Af 

Since the map 

(3eW^ [ f((p + d<f>(p),p + d${p)))" 
Jm 

is weakly continuous (see [I] or [2]), ( |89l) implies that 

/ /((A,+W I A,+^(A,)»w->/ f{(0+d${/3),/3+d${P)))u (101) 
Jm ./a/ 

and then, by ffTOOl . 

/ — / /((/3 + d$(/3),/? + d$(/5)))u;. (102) 

Jm Jm 

Since F is weakly lower semicontinuous, from ( l90l) . ( |9TT) and ( I102f) we have 

F p {rj) = F((3 + d V ) 

< hminf F(/?„ + rf$ £n (A,)) = F(/3 + d$(/?)) = F^($(/3)) 

n 

and then, by the uniqueness of the minimizer of Fp, 

V = $(J3). (103) 
Now from <M^ . Ml and fTTUH]) we have that 

/3 n + <2$ £n (/3 n ) + d${f3) in LP (M) (104) 
so, by ffi~02D . ffTTMl) and Lemma [12 we have that 

P„ + d^ £n {(3 n ) /? + d$(/3) in L p k (M), (105) 
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and then, taking fIDTT) into account, 

*& £ „(A0 - d®{(3) in L p k (M), (106) 

that corresponds to the assertion i). 

Now we pass to the proof of ii) . 
From b) we have that 

= J' £n {(3 n ) = L{p n ) - s n ((3 n + d<b £n (/?„)) - K(/9„, d$ £n (/?„)) (107) 

where L is the Riesz isomorphism between W and its dual and 

K : (£,7?) G Hl(M) x L£(M) ^ ^(£,77) G (^(M))'. 

From (11071) and considering (195j) we have 

L(Pn) — K(Pn,d§ £n (f3 n )) — > 

and then 

/5n — L^ 1 (K (f3 n , d& £n (f3 n ))) — >0. (108) 

Now observe that 

.K" is compact with respect to £ (109) 
K is continuous with respect to 77 (HO) 

so, by flSU]) and (I106p . from (llOSp we get (up to a subsequence) 

and hence u). 

Finally, note that from u), (I95p and (I102p we have 

JeM^J{P) (in) 

so m) is a consequence of a) and (11111) . □ 

And now we are ready for the following 

Proof (of the second part of Theorem^. Let e n \ + . By Theorem [TT1 there 
exist infinitely many well separated sequences of the type described in a) and 
b) of the Lemma HU 

Certainly each of these sequences (up to a subsequence) converges in H\{M) 
by ii) and each limit is different from another by Hi). 

Say (/?n)n>i one of these sequences and (3 its limit. If we show that (3 + dQ((3) 
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is a solution for ([3]), then we have finished. 
Let i] G A fc (M). For every n > 1, certainly 



(L(p n ), V ) = £ n / (A* + d$ en ( / 9„) > 77)w + ( J K'(/3 n ,d$ 6 „(/3 n )),77> (112) 

where L and X are those defined in Lemma HU 
By continuity, ii) of Lemma [TH implies that 

(L(/U»7> — W),»7> (113) 
while ( 11091) and flllOp together with i) and ii) of Lemma [TH imply 

(K^d^MU) — (K(p,d$(0)),ri). (H4) 

Since trivially 

/ (/3 n + d$ e „(AO,77)o; — >0, 
by dim fTTTBl and fTTTij) we obtain 

(d(3,d V )uj= [ f'(({3 + d$((3),{3 + d$(P)))(P + dHP),v)u (H5) 
m Jm 

and then the conclusion. □ 



Appendix 

In this appendix we want to show that assumption f 2 is satisfied by the 
function f(t) = t%. We will prove it by the following more abstract result 

Lemma A.l. Let (^H, (■{■)) be an Hilbert space, and || • || the induced norm. If 
p > 2, then there exists c > s.t. for every x,y G H the following inequality 
holds 

\\ x \\ p ~ \\y\\ p ~ p\\y\\ p ~ 2 (y\ x ~~ y) > c|| x — y\\ p . (H6) 

Proof. In [U] the following inequality has been proved for all a, b G M 

\a\ p - \b\ p - p\b\ p ' 2 b(a -b)>K\a~ b\ p , (117) 

where K > does not depend on a and b. Now we fix y G H and distinguish 
the following cases: 

• x — ty, t > 0; 
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• x = ty, t < 0; 

• x ^ ty, t G R. 

If x = ty for t > 0, then (x\y) = \\x\\ \\y\\ and (x — y\x — y) — (\\x\\ — ||y||) 2 . 
So (I116p can be written as follows 

-pllyir'dNI-IMD^^IIWI-llylir, (us) 



that corresponds to (I117p for a = \\x\\ and b = 

If x = ty for t < 0, then (x|t/) = — ||a;|| \\y\\ and (x — y|a; — y) = (\\x\\ + 
In this case, (1116)) becomes 

N p - lly|l p +p||yir l (IWI + lli/ll) > 5 IIMI + lli/lir. ( n 9) 



that corresponds to (1117)) for a = ||x|| and b = - 
Finally, if x € R}, then x = x\ + X2 where Xi G G M} and 

(x2|y) = 0. Since (11161) holds for x±, we have that there exist three positive 
constant c±, Ci and C3 s.t. 

Ikr-l|y|| p -p||yir 2 (yk-y) = (IM 2 + IM 2 )* 

-||y|l p -plbir 2 (i/l^i-2/) 

> ||x 1 ||'-||y|r-p||y|r a (y|x 1 ) + ||x 2 ||* 

> <*(||*i-y|| 2 +J* a || a ) 5 

= c 3 (||xi - y + x 2 || 2 )2 = c 3 ||x - y\\ p . 

□ 

Now, since M is a compact Riemannian manifold, then for every q G M 
the space A k (T q (M)) of the fc— forms at q is an Hilbert space with the scalar 
product (v) g . So, by Lemma A.l, there exists c > s.t. for every £, q ,r] q G 
A fe (T g (M)) we have that 

£ £ £—1 £ 

£?)f - faff. Vq)q ~ PiVqi Vq)q (Vq, (q ~ Vq)q > ~ Vq, 6/ ~ Vq) q ■ (120) 

Since ( I120p holds pointwise, then for ^,rj G A fe (M) the following inequality 
holds globally 

- (»7,?7)* -piviv)*' 1 (v,€-v) >c(^-v^-n)'- ( 121 ) 
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